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INTRODUCTION

“Daqui inferi eu que a vida é o mais engenhoso dos fenômenos, porque só aguça a
fome, com o fim de deparar a ocasião de comer, e não inventou os calos, senão
porque eles aperfeiçoam a felicidade terrestre. Em verdade vos digo que toda a

sabedoria humana não vale um par de botas curtas.”
Machado de Assis

T he notion that materials can exist in different phases is well known both in
academia and in everyday experience. It is common knowledge that water

crystallizes into a solid below a certain temperature and vaporizes above another. A
powerful argument is revealed when one first examines this peculiar behavior: the
arrangement of the molecules composing a material determines its behavior. When
molecules are arranged in a regular and periodic structure, the material forms a
crystal; when positional order is lost, a liquid phase emerges; and when the molecules
are free from any restriction a gaseous phase takes place. This reasoning may suggest
that matter exists only in three states—solid, liquid and gas. However, such a
classification is far from complete.

In particular, certain materials—known as mesomorphic phases—exhibit inter-
mediate behavior between that of crystalline solids and liquid phases, for that reason
they are commonly referred to as liquid crystals (DE GENNES and PROST (1993)).
To understand the nature of these materials, the concept introduced in the previous
paragraph must be extended. A material is said to be in a crystalline phase when
its constituent molecules display two types of long-range order: positional order of
their centers of mass and orientational order of their molecular axes (GRAMSBER-
GEN et al. (1986)). Upon melting into a liquid, both kinds of ordering disappear
at the same temperature. However, in mesomorphic phases the positional order is
destroyed while orientational order persists over long distances. In this regime, the
material retains fluidity while maintaining a degree of molecular alignment, thereby
defining the liquid-crystalline state.

Depending on the molecular arrangement and the associated symmetry of the
phase, liquid crystals are commonly classified into nematic, cholesterics, smectics,
and columnar phases (Fig. 1). According to ANDRIENKO (2018), from a chem-
ical perspective, molecules forming nematic phases have anisotropic shape, often
with rigid molecular backbones which define the long axes of molecules. With the
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Figure 1: Molecular arrangement in liquid crystalline phases. The vector n⃗ repre-
sents the preferred direction of alignment. (ANDRIENKO (2018)).

exception of the columnar phase—whose constituent molecules are usually stacked
flat-shaped discotic molecules—the remaining phases differ from the nematic only
in terms of symmetry.

In the nematic phase, there is no long-range positional order of the molecular
centers of mass; however, the molecular orientations tend to align along a preferred
direction, known as the director n⃗. In the cholesterics phase, the director varies
throughout the medium in a regular way, giving rise to a helical superstructure
characterized by a pitch, defined as the distance p along the helical axis over which
the director rotates by 2π. In smectic phases, molecules are arranged into well-
defined layers, exhibiting partial correlation in their positions. In the smectic A
phase, the molecular long axis are on average perpendicular to the layers, whereas
in smectic B and additional two-dimensional hexagonal order develops within each
layer. In smectic C, the director is tilted with respect to the layer normal vector.
Finally, in a columnar phase, molecules assemble into cylindrical columns that form
two dimensional lattices.

Once the general aspects of the liquid-crystalline phase was presented, it is worth
outlining the magnitude of the key technological implications arising from liquid
crystal science. Applications of liquid-crystal technology have evolved into a multi-
trillion-dollar industry. Their technological relevance stems primarily from electri-
cally controllable birefringence. Two key mechanisms underlie this functionality. In
standard display technologies, the dominant mechanism is dielectric torque, which
operates in materials with positive dielectric anisotropy and does not require the
presence of ionic species (BLINOV (2010)). In contrast, the Carr–Helfrich effect
occurs in nematic systems with negative dielectric anisotropy and appreciable ionic
conductivity (HELFRICH (1969)). In this regime, the application of an external
electric field leads to the redistribution of mobile ionic impurities, generating space
charges that induce reorientation and flow of the liquid-crystal molecules (CHEN
(2011)). This reorientation enables precise control over the molecular alignment
and, consequently, over the optical axis of the medium.

Controlling the polarization state of linearly polarized incident light is the key for

2



the most pervasive application of liquid crystal in industry: the LCD (Liquid Crystal
Display). Nowadays, the technology is, in principle, still based on the original work
from half a century ago with some improvements in materials (KIM and SONG
(2009)). While displays offering excellent viewing angles and video performance
have been well established, fundamental display research has increasingly focused
on emerging technologies, including 3D visions, holographic displays and AV-VR
(Artificial Vision–Virtual Reality) devices (DIERKING (2025)).

With regard to fundamental research, interest has shifted toward a broader range
of questions, closely related to other disciplines, including fundamental physics, op-
tics and photonic, topology, biology, and nanotechnology. This increasing overlap of
topics reflects a growing synergy and multi-disciplinarity within the field (DIERK-
ING (2025)). Nevertheless, research on structure-property relationships remains an
active and compelling area of investigation. Of particular relevance to the present
work are the recent developments surrounding what has been called the “holy grail”
of liquid-crystal materials: the ferroelectric nematic phase (CRUICKSHANK
(2024)). On the theoretical side, concepts from mathematical physics have found
increasing applications in liquid-crystal research, for example, the recent studies on
topology (TUBIANA et al. (2024)). Finally, one must also mention that the role of
computer modeling and simulation has become ever more prominent, now consti-
tuting and essential component of research in this area (WILSON et al. (2022)).

In the present work, what follows is a research in fundamental physics: phase
transitions and symmetry-breaking phenomena are studied through simple models
for thermotropic nematic liquid-crystal within the mean-field framework. Two ex-
tensions of the classical Maier–Saupe model are considered: a site-diluted version,
motivated by theoretical and experimental results (LENART et al. (2012); SIMÕES
et al. (2013)), designed to probe the known critical-like behavior of the nematic-
isotropic transition; and a ferroelectric coupled version, formulated within the the-
oretical framework proposed by ETXEBARRIA et al. (2022), aimed at describing
recent developments on experimental research within this field.

In the context of the canonical ensemble—and grand-canonical ensemble for the
site-diluted model—the corresponding free-energy functional is derived and analyzed
through numerical minimization, allowing the construction of phase diagrams and
the characterization of phase behavior. Additionally, the Landau–de Gennes phe-
nomenological theory is employed to gain deeper insights into the critical properties,
the nature of the phase transition, and the role of symmetry in the phases discussed.
Multicriticality is then investigated. A multicritical point is a point in parameter
space where two or more lines of phase transitions meet, typically separating re-
gions with distinct types of ordering or different transition character. Qualitatively,
it marks a change in the fundamental mechanism by which the system undergoes a
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phase transition, such as from first-order to continuous behavior.
The work is organized as follows. The first chapter introduces the concept of

an order parameter suitable for characterizing macroscopic order and symmetry in
liquid-crystal materials. The second chapter is focused on reviewing well-established
theoretical models in statistical physics, with the Ising model presented as a ped-
agogical example to illustrate the analytical and numerical techniques employed in
the subsequent chapters. The third chapter focus on a site-diluted extension of the
Maier–Saupe model, in which a modification of the classical framework is used to
investigate the critical-like behavior of the nematic-isotropic phase transition. Fi-
nally, the fourth chapter introduces a kind of polar Maier–Saupe model aimed at
stabilizing a ferronematic phase and analyzing the nature of the associated phase
transition.
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CHAPTER 1

THE NEMATIC ORDER
PARAMETER

“Le vent se lève!... il faut tenter de vivre!”
Paul Valéry

N ematic liquid crystal materials exhibit long-range orientational order. At the
microscopic level, this implies that the molecular orientational vectors ñi are

distributed within a cone of aperture angle θ centered around a vector Ñ, named
director (Figure 1.1). A phase transition to an isotropic phase—when there is no
preferred direction of alignment—is characterized by introducing an order parameter.

Ñ

ñi

θ

Figure 1.1: Molecular order in a nematic liquid crystal. Ñ is the director.

The basic mathematical requirements for an order parameter Q are:

1. Q = 0 in the less ordered (isotropic) phase;

2. Q ̸= 0 if exists any orientational ordering.

In a ferromagnetic material, macroscopic order is described by the magnetiza-
tion vector, whose alignment with a preferred direction can be quantified by the
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cosine of the angle between them. By analogy, in a nematic liquid crystal system, a
macroscopic order parameter may be defined by looking at the angle θ between the
preferred direction of alignment, which is called the director Ñ, and a molecule’s
local symmetry axis ñi. Consequently, defining the order parameter as

⟨cos θ⟩ = 1

N

∑
i

cos θi, (1.1)

yields a value of 1 in a system with N molecules when all ñi molecular vectors
are aligned in one preferred direction, and a value of 0 in the isotropic phase. The
problem with this approach is that it does not account for the head-to-tail symmetry
of rod-like molecules where the directions ñi and −ñi are equivalent. For a perfectly
ordered nematic head-to-tail symmetry implies that half the molecules have θi = 0

and the other half θi = π. In this case, equation 1.1 yields a value of 0. Hence,
in a nematic liquid crystal, a different approach is required to define a parameter
quantifying its macroscopic order.

Therefore, the central objective of this chapter is to define an order parameter
capable of capturing macroscopic order, as well as to elucidate its role in symmetry
breaking and in the characterization of different types of phase transitions. In ad-
dition, this chapter provides the conceptual and mathematical framework necessary
for the theoretical models developed in the subsequent chapters.

1.1 Microscopic Approach

The analysis begins with the simplest type of molecular model, in which the
molecules are described as rigid, axially symmetric rods possessing cylindrical sym-
metry around ñ. When the nematic axis Ñ is chosen as the z-axis of the (x, y, z)

laboratory frame, the vector ñ is fully specified by the polar angles θ and ϕ:

nx = sin θ cosϕ,

ny = sin θ sinϕ,

and
nz = cos θ.

Following DE GENNES and PROST (1993); MAIER and SAUPE (1958a, 1959,
1960), the state of alignment of the rods is described by a distribution function
f(θ, ϕ) dΩ, which gives the probability of finding a rod within a small solid angle
dΩ = sin θ dθ dϕ about the direction (θ, ϕ). The lowest term in a multipole expan-
sion capable of capturing information about the phase order—despite the rotational
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symmetry about ñ, which removes the ϕ dependence on f—is defined by the thermal
average

S =
1

2
⟨(3 cos2 θ − 1)⟩ =

∫
f(θ)

1

2
(3 cos2 θ − 1)dΩ, (1.2)

which follows the normalization condition∫ 2π

0

dϕ

∫ π

0

f(θ) sin θ dθ = 1 (1.3)

In particular, if f(θ) is peaked around θ = 0 and θ = π, then S = 1. On the other
hand, if f(θ) is completely independent of θ, corresponding to random molecular
orientations, then S = 0.

The second order Legendre polynomial in equation 1.2 represents the lowest-
order rotational invariant compatible with the head-to-tail symmetry of rod-like
molecules in nematic phases.

1.2 Tensorial Description

The generalization of the order parameter for different molecules and arbitrary frame
of references follows naturally from equation 1.2 by considering that cos2 θ = (Ñ·ñ)2,
which leads to

Qµν =
1

2
⟨3nµnν − δµν⟩, (1.4)

where µ, ν = x, y, z are indices referring to the laboratory frame. The tensor Qµν is
symmetric and traceless by construction, and remains invariant under the transfor-
mation ñ → −ñ, reflecting the apolar nature of nematic order.

For a nematic phase aligned along the z-axis, the scalar order parameter is
defined as

S ≡ Qzz =
〈3
2
cos2(θ)− 1

2

〉
. (1.5)

From this definition, it follows that

Qxx =
〈3
2
sin2(θ) cos2(ϕ)− 1

2

〉
=
〈3
4
sin2(θ)− 1

2

〉
= −S

2
,

Qyy =
〈3
2
sin2(θ) sin2(ϕ)− 1

2

〉
=
〈3
4
sin2(θ)− 1

2

〉
= −S

2
,

and the off-diagonal components vanish. Hence, partial nematic order along the
z-axis is represented by the tensor

Q =

−S
2

0 0

0 −S
2

0

0 0 S

 . (1.6)
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For a nematic phase oriented along an arbitrary direction Ñ, the components of the
order tensor take the uniaxial form

Qµν = S
(3
2
nµnν − 1

2
δµν

)
. (1.7)

This tensorial order parameter provides the foundation for the subsequent sections
for the symmetry-based and mean-field theories discussed in subsequent chapters.

1.3 Beyond uniaxial order

In order to go beyond usual uniaxial order, a geometrical approach is considered to
build the tensorial order parameter.

Consider an ellipsoid Ê defined along three mutually orthonormal directions p̂,
q̂, and r̂ (SIMOES and DA SILVA (2011)). The surface of the ellipsoid is described
by the quadratic form

Êijxixj = 1, (1.8)

where the Einstein‘s sum rule over repeated indices is adopted, and

Êij =
p̂ip̂j
r21

+
q̂iq̂j
r22

+
r̂ir̂j
r23

, i, j = {1, 2, 3}. (1.9)

An arbitrary vector x⃗ may be decomposed along the orthonormal basis {p̂, q̂, r̂}
as

xi = pi(pjxj) + qi(qjxj) + ri(rjxj) = (p̂ip̂j + q̂iq̂j + r̂ir̂j)xj, (1.10)

which implies the completeness relation

p̂ip̂j + q̂iq̂j + r̂ir̂j = δij. (1.11)

It is convenient to introduce the traceless second-rank tensors

P̂ij =
3

2
p̂ip̂j −

1

2
δij, Q̂ij =

3

2
q̂iq̂j −

1

2
δij, and R̂ij =

3

2
r̂ir̂j −

1

2
δij. (1.12)

In terms of these tensors, the ellipsoid matrix may be rewritten as

Êij =
2

3

(
P̂ij

r21
+

Q̂ij

r22
+

R̂ij

r23

)
+

1

3

(
1

r21
+

1

r22
+

1

r23

)
δij. (1.13)

This expression naturally separates into an isotropic contribution and a traceless
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anisotropic deformation tensor,

Êij = ∆Eij +
1

r2S
δij and

1

r2S
=

1

3

(
1

r21
+

1

r22
+

1

r23

)
. (1.14)

The tensor ∆Eij quantifies the anisotropy of the molecular shape.
Three distinct cases may be identified:

• Isotropic molecule: r1 = r2 = r3 = r, for which

∆EI
ij =

2

3r2
(P̂ij + Q̂ij + R̂ij) = 0. (1.15)

• Uniaxial molecule: r1 = r2 ̸= r3, leading to

∆EU
ij =

2

3

(
1

r23
− 1

r21

)
R̂ij. (1.16)

• Biaxial molecule: r1 ̸= r2 ̸= r3, for which

∆EB
ij =

2

3

(
1

r21
− 1

r23

)
P̂ij +

2

3

(
1

r22
− 1

r23

)
Q̂ij. (1.17)

For the biaxial case, it is useful to define the eccentricity parameters

e1 =
2

3

(
1

r21
− 1

r23

)
and e2 =

2

3

(
1

r22
− 1

r23

)
, (1.18)

such that
∆EB

ij = e1P̂ij + e2Q̂ij. (1.19)

Using the identity P̂ij + Q̂ij + R̂ij = 0, the biaxial deformation tensor may be
recast as

∆EB
ij =

e1 + e2
2

(P̂ij + Q̂ij) +
e1 − e2

2
(P̂ij − Q̂ij)

= −e1 + e2
2

R̂ij +
e1 − e2

2
(P̂ij − Q̂ij). (1.20)

Defining

S = −e1 + e2
2

=
1

r23
− 1

r2S
and η =

e1 − e2
2

=
1

3

(
1

r21
− 1

r22

)
, (1.21)

the biaxial deformation tensor finally assumes the form

∆EB
ij = S R̂ij + η(P̂ij − Q̂ij). (1.22)
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The parameter S defined in equation 1.21 is physically equivalent to the scalar
order parameter of equation 1.5. The thermal average over the equation 1.22 pro-
vides a compact representation of the macroscopic orientational order in systems
composed of molecules that can exhibit biaxial order (SIMOES and DA SILVA
(2011)).

1.4 Symmetry of liquid-crystalline phases

The primary distinction between the nematic and isotropic phase lies in their de-
gree of symmetry and molecular ordering. An isotropic liquid is a state where the
molecules possess no long-range order in both the positions of molecular centers of
mass and their direction of alignment. In this phase, the correlation function is
isotropic—meaning it depends only on the distance between molecules. As a con-
sequence, macroscopic response functions—such as the magnetic susceptibility—are
uniform in all spatial directions DE GENNES and PROST (1993).

In contrast, the nematic phase is defined by the breaking of rotational symme-
try through the emergence of long-range orientational order, while long-range posi-
tional order remains absent, as illustrated in Figure 1.2. In this phase, molecules
tend to align their principal axes along a common direction specified by a unit vec-
tor known as the director Ñ. This partial alignment introduces anisotropy into
the physical properties of the material. As a result, the nematic phase possesses
lower symmetry than the isotropic phase (GRAMSBERGEN et al. (1986)). The
isotropic–nematic transition therefore constitutes an example of spontaneous rota-
tional symmetry breaking.

z

y

x

Ñ

θñi

Figure 1.2: Nematic Ordering
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An important feature of nematic phases is their apolar nature. As stated before,
molecular directions ñi and −ñi are indistinguishable in a nematic phase meaning
that, on average, an equal number of molecules point "up" or "down", resulting in
zero macroscopic net polarization. The nematic phase therefore behaves optically
as a uniaxial medium with inversion symmetry. This property plays a crucial role
in later discussions, particularly in Chapter 4, where phases with broken inversion
symmetry—such as ferroelectric nematics—are examined.

Several complementary approaches can be employed to relate the symmetry of a
phase to an appropriate choice of order parameter. Molecules with rigid, elongated
shapes—such as those depicted in Figure 1.2—are particularly effective at stabiliz-
ing nematic mesophases. Upon melting, thermal fluctuations generally overcome
intermolecular forces, destroying both positional and orientational order. However,
for rod-like molecules, there exists an intermediate temperature range in which ther-
mal energy is sufficient to disrupt positional order while leaving orientational order
intact, leading to the formation of a nematic phase.

From an experimental perspective, the presence of long-range orientational order
prevents molecular anisotropy from averaging to zero. As a result, macroscopic
quantities such as the dielectric permittivity become anisotropic and can be exploited
as probes of phase symmetry (GRAMSBERGEN et al. (1986)). Alternatively, a
more formal description may be constructed using group-theory arguments, in which
the order parameter is defined solely on the basis of symmetry considerations, as
originally proposed by LANDAU et al. (1980).

1.5 Free-energy and Phase Transition

From elementary considerations in statistical mechanics, the canonical partition
function is defined as

Z(T,H) = Tr exp(−βH), (1.23)

where the trace is taken over all possible microscopic configurations specified by the
Hamiltonian H, and β = 1/kBT with kB denoting Boltzmann’s constant and T the
absolute temperature. The canonical partition function is a measure of the volume
occupied by the system in the phase space in the canonical ensemble.

The connection with thermodynamics is done by the Helmholtz free energy,
which is related to the partition function by

F(T,H) = −kB T lnZ(T,H). (1.24)

Macroscopic thermodynamic properties are, in general, obtained by differentiating
the Helmholtz free energy with respect to the relevant thermodynamic variables
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at fixed temperature. In this framework, the resulting relations define the ther-
modynamic equations of state, which connect macroscopic observables to external
parameters.

In the context of mean-field theory, however, the free energy is expressed as a
functional of appropriate order parameters that encode the degree of microscopic
ordering. The equilibrium state of the system is then determined by minimizing this
free-energy functional with respect to these order parameters (SALINAS (1997)).
This minimization procedure leads to a set of self-consistent equations—referred to
as mean-field equations of state—which determine the physical state of the system,
such as the degree of molecular alignment. In many situations, particularly in the
vicinity of a phase transition, the free-energy landscape may exhibit multiple local
minima. The physically realized state is identified with the global minimum, as
only this configuration corresponds to a thermodynamically stable phase. In the
classical theory of phase transitions, the local minima are identified with metastable
thermodynamic states (DE GENNES and PROST (1993)).

The classification of phase transitions is determined by the behavior of the free
energy and its derivatives and the associated order parameters. A phase transition
is signaled by a nonanalyticity in a thermodynamic potential, such as the free en-
ergy. If one or more first derivatives of the free energy are discontinuous and the
order parameter exhibits a finite jump, the transition is classified as first order. By
contrast, if the first derivatives remain continuous while second derivatives become
discontinuous or diverge, the transition is referred to as continuous, higher order, or
critical (YEOMANS (1992)). Such continuous transitions are typically accompanied
by a divergent susceptibility, an infinite correlation length, and power-law decay of
correlation functions. In general, the NI transition is first order and the divergence
of the susceptibility, if it occurs, is located at the spinodal point rather than at the
actual transition temperature.

1.6 Scope and connection to theoretical models

In this chapter, an appropriate local order parameter (DE GENNES and PROST
(1993)) was introduced and derived. The symmetry properties of the nematic and
isotropic phases were analyzed, and the fundamental theoretical elements that un-
derpin the remainder of this thesis were established.

In the next chapter, the basic models will be examined within this framework.
The microscopic Maier–Saupe model will be introduced and solved within the mean-
field approximation, and a phenomenological macroscopic description based on Lan-
dau theory will be presented to address symmetry breaking and the emergence of
multicritical points using the previously defined order parameter.
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CHAPTER 2

THEORETICAL MODELS FOR
LIQUID CRYSTALS

“And what can life be worth if the first rehearsal for life is life itself?”
Milan Kundera

T he concept of “models” plays a central role in scientific investigation and ad-
mits multiple interpretations depending on the context. Following WALLACE

(1996), a model may be understood as an analogue or analogy that assists or pro-
motes the gradual understanding of something not readily grasped in sense experi-
ence. In this sense, models function as idealized and simplified descriptions capable
of capturing the essential behavior of complex natural systems. Guided by the prin-
ciple of progressing “from the more known to the less known”, modeling serves as a
powerful tool for uncovering the intelligible structures underlying causes of nature.

In statistical mechanics, models are introduced by idealizing physical attributes
in order to render the underlying structure of many-body systems more intelligi-
ble. For example, the Einstein model of a crystal simplifies the complex vibrational
modes of a solid into a collection of independent harmonic oscillators (SALINAS
(1997)). Such models are said to be exactly solvable, in the sense that their en-
ergy spectra can be determined analytically, allowing for an explicit calculation of
the partition function and thermodynamic quantities. However, the majority of
physically relevant systems are not exactly solvable, as only a limited class of inter-
acting many-body models admits closed-form solutions (CALLEN (1993)). In these
cases, approximate methods such as variational principles, mean-field theories, and
numerical simulations become essential tools for extracting physical insight.

In this context, the purpose of the present chapter is to introduce and analyze the
fundamental theoretical models employed in the study of liquid crystalline systems.
To establish the necessary conceptual and methodological background, the Ising
model of interacting magnetic moments is first discussed as a pedagogical example.
The Maier–Saupe model is then presented as a fundament of the microscopic de-
scription of thermotropic nematics, together with its solution within the mean-field
approximation and its connection to phenomenological theories of phase transitions.
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2.1 The Ising model as a pedagogical example

A remarkable example of an interacting many-body system is the spin-1/2 Ising
model, first introduced by Lenz and Ising in 1925 (NISS (2005)). In this model, a
classical spin random variable σi, which can take the values ±1, is placed at each
lattice site i = 1, . . . , N . The system is described by the Hamiltonian

H = −J
∑
⟨ij⟩

σiσj −H
∑
i

σi, (2.1)

where J is the exchange interaction—positive values favor parallel alignment and
negative values favor antiparallel alignment of neighboring spins—⟨ij⟩ denotes a
sum over nearest-neighbor pairs, and H is an external magnetic field.

The first term in equation 2.1 is responsible for the cooperative behavior of the
system and for the emergence of a phase transition. While the one-dimensional
case can be solved exactly and exhibits a phase transition only at zero temperature,
obtaining exact solutions in higher dimensions is considerably more difficult. The
exact solution of the two-dimensional Ising model in the absence of a magnetic field
was first obtained by Onsager in 1944, whereas the three-dimensional model remains
unsolved.

The spin variables σi admit multiple physical interpretations. They may repre-
sent magnetic moments pointing up or down at each lattice site; alternatively, σi

can label the occupation of a site by atoms of type A or B, as in binary alloys, or
even serve as an occupation variable indicating the presence or absence of a particle
at a given site. The latter interpretation will be particularly relevant in the next
chapter. These different realizations highlight the universal character of the Ising
model and its broad applicability across distinct physical systems.

Solving the model amounts to solve the canonical partition function

ZN = Z(T,H,N) =
∑
{σi}

exp (−βH), (2.2)

where the sum is taken over all possible configurations of the spin variables. From
the partition function, the magnetic free energy per lattice site is obtained as

g = g(T,H) = lim
N→∞

[
− 1

βN
lnZ

]
. (2.3)

As a first pedagogical step, the model is solved in one dimension using the
transfer-matrix technique.
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2.1.1 Ising Model in One Dimension

Following SALINAS (1997), in one dimension the Ising Hamiltonian takes the form

H = −J
∑
i

σiσi+1 −H
∑
i

σi. (2.4)

The corresponding canonical partition function can be written as

ZN =
∑
{σi}

exp

[
K

N∑
i=1

σiσi+1 +
L

2

N∑
i=1

(σi + σi+1)

]
, (2.5)

with K = βJ and L = βH.
Imposing periodic boundary conditions, σN+1 = σ1, equation 2.5 may be rewrit-

ten as
ZN =

∑
σ1,σ2,...,σN

∏
i

T (σi, σi+1), (2.6)

where
T (σi, σi+1) = exp

[
Kσiσi+1 +

L

2
(σi + σi+1)

]
. (2.7)

This expression naturally leads to the definition of the transfer matrix

T =

(
T (+1,+1) T (+1,−1)

T (−1,+1) T (−1,−1)

)
=

(
exp (K + L) exp (−K)

exp (−K) exp (K − L)

)
. (2.8)

Using the properties of the transfer matrix, the canonical partition function can
be expressed as

ZN = Tr(T)N = λN
1 + λN

2 , (2.9)

where λ1,2 are the eigenvalues of T, given by

λ1,2 = eK coshL±
[
e2K cosh2 L− 2 sinh (2K)

]1/2
. (2.10)

In the thermodynamic limit, N → ∞, the largest eigenvalue dominates, and the
free energy per site is given by

g(T,H) = lim
N→∞

[
− 1

βN
lnZ

]
= − 1

β
lnλ1. (2.11)

This exact expression fully determines the thermodynamic properties of the one-
dimensional Ising model. Based on general arguments originally proposed by Lan-
dau, it follows that this system cannot sustain a phase with long-range order at finite
temperature. Consequently, the critical point of the one-dimensional Ising model is
located at zero temperature.
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2.1.2 Monte Carlo Method

Exact analytical solutions of the Ising model in dimensions greater than two re-
main unavailable. As a result, much of the understanding of its critical behavior
has been obtained through experimental observations and through numerical simu-
lations, which constitute the focus of this subsection. Among the most widely used
numerical techniques in statistical mechanics is the Monte Carlo method. Monte
Carlo methods comprise a class of computational algorithms based on stochastic
sampling to evaluate thermodynamic quantities. In the present context, such meth-
ods are employed to estimate the mean magnetization as a function of temperature
for the Ising model, with H = 0, by that means providing insight into the phase
behavior of the system.

For each temperature within a selected range, a lattice of spins is initialized and
allowed to reach thermal equilibrium using importance-sampling algorithms, such as
the Metropolis algorithm (METROPOLIS et al. (1953)), which generate a Markov
chain of spin configurations satisfying detailed balance and ergodicity. Once equi-
libration is achieved, the spins are repeatedly updated and the total magnetization
is measured and recorded. From these data, the average squared magnetization and
its associated statistical uncertainty are computed. To improve numerical efficiency
and reduce statistical noise, the simulations can be performed multiple times inde-
pendently—often in parallel—and the resulting averages combined. Representative
results obtained using this procedure are shown in Figure 2.1. The convergence of
the algorithm toward the analytical result improves as L → ∞. However, the com-
putational efficiency deteriorates significantly with increasing L, leading to substan-
tially longer simulation times. This scaling behavior constitutes the main limitation
of the method. Nevertheless, this method presents itself as a robust and versatile
alternative in situations where analytical solutions are not available.

2.1.3 Curie-Weiss model

Many statistical models can not be solved analytically, then some approximation
methods become necessary. Mean-field theory is a statistical framework in which
each molecule or spin is assumed to interact with an average field generated by all
other particles in the system, thereby neglecting specific local correlations and fluc-
tuations (CALLEN (1993)). In the Ising model this approximation is implemented
through the Curie-Weiss Hamiltonian,

HCW = − J

2N

N∑
i=1

N∑
j=1

σiσj −H
N∑
i=1

σi, (2.12)
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Figure 2.1: Mean squared magnetization as a function of temperature for the two
dimensional Ising model. The parameter L represents the length of the square lattice.
The dashed line in Tc ≈ 2.269 represents the exact critical temperature at which the
transition occurs (LEE and YANG (1952)).

where each spin interacts equally with all others in the system SALINAS (1997). The
interactions are therefore of infinite range but sufficiently weak—scaling as 1/N—to
ensure a well-defined thermodynamic limit.

The canonical partition function associated with the Curie–Weiss model can be
written as

Z =
∑
{σi}

exp

 βJ

2N

(
N∑
i=1

σi

)2

+ βH
N∑
i=1

σi

 . (2.13)

From equation 2.13, following the procedure detailed in the next section, the free-
energy density functional can be obtained as

g(T,H;m) =
1

2
Jm2 − 1

β
ln [2 cosh (βJm+ βH)], (2.14)

where m denotes the magnetization per particle.
In the thermodynamic limit, minimizing the free energy with respect to m yields

the Curie–Weiss equation of state,

m = tanh (βJm+ βH). (2.15)

Equation 2.15 encapsulates the mean-field description of the Ising model and illus-
trates how spontaneous magnetization emerges within this approximation.
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2.2 The Maier–Saupe Model

The Maier–Saupe theory of liquid crystals represents a historical milestone in
the theoretical description of thermotropic nematic phases. Despite its concep-
tual simplicity, the theory successfully captures the essential features of the ne-
matic–isotropic (N–I) phase transition. As stated in MAIER and SAUPE (1958b,
1959, 1960), “a theory of nematic liquids must above all provide an explanation for
the existence of this long-range order, as well as for the order of magnitude of the
degree of order and its temperature dependence”. There is little doubt that this
objective was achieved within the Maier–Saupe framework. In the context of ne-
matic liquid crystals, the Maier–Saupe model plays a role analogous to the Weiss
molecular-field approximation in ferromagnetic systems (DE GENNES and PROST
(1993)).

2.2.1 Mean-field formulation

The mean-field character of the Maier-Saupe theory is due to the neglect of correla-
tions between neighboring molecules in the nematic liquid phase (DE GENNES and
PROST (1993)). As a result, the orientation of a given molecule is determined by
an effective mean field that is independent of the instantaneous orientations of its
neighbors. This mean field originates from the collective orientational state of all
molecules in the system and therefore reflects the macroscopic order of the phase.

The Hamiltonian that defines the Maier-Saupe model in the mean-field version
is written as

H = − J

2N

∑
i,j

∑
µ,ν

Sµν
i Sµν

j , (2.16)

where
Sµν
i =

3

2
nµ
i n

ν
i −

1

2
δµν (2.17)

denotes the components of the second-rank order tensor, defined with respect to
the laboratory frame of reference, and (µ, ν) = x, y, z, with δµν representing the
Kronecker delta.

The partition function in the canonical ensemble is given by

Z = Tr exp(−βH) = Tr exp

(
βJ

2N

∑
i,j

∑
µ,ν

Sµν
i Sµν

j

)
, (2.18)

where the trace Tr ≡ ∑
{n⃗i} runs over all possible molecular orientations, equiv-

alently over all configurations of the tensor components Sµν
i . The argument

of the exponential can be simplified by exploiting its symmetry. In particular,
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∑
i,j S

µν
i Sµν

j =
∑

i S
µν
i ·∑j S

µν
j = (

∑
i S

µν
i )2 .

Furthermore, the summation over Cartesian indices (µ, ν) can be factorized as a
product. Equation (2.18) can therefore be rewritten as

Z = Tr
∏
µ,ν

exp

 βJ

2N

(∑
i

Sµν
i

)2
 . (2.19)

To decouple the quadratic term appearing in the exponential of equation 2.19 a
powerful technique known as the Hubbard-Stratonovich transformation is introduced.
The key identity in the method is simply an observation of the result of a Gaussian
integral. In the present case, it takes the form

e
βJ
2N (

∑
i S

µν
i )

2

=

√
NβJ

2π

∫ +∞

−∞
dQµνe

−NβJ
2

Q2
µν+βJQµν

∑
i S

µν
i . (2.20)

The usefulness of this identity is that if we substitute the exponential in equation 2.20
into equation 2.19 the quadratic therm in Sµν

i —containing all the degrees of freedom
that have to be summed over—only occurs linearly, not quadratically.

Manipulating the partition function, it takes the form

Z = Tr
∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµνe

−NβJ
2

Q2
µν+βJQµν

∑
i S

µν
i

=

[∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµνe

−NβJ
2

Q2
µν

]∑
{n⃗i}

exp

[∑
µ,ν

βJQµν

∑
i

(
3

2
nµ
i n

ν
i −

1

2
δµν)

]
(2.21)

Since the molecules are independent in the mean-field approximation, the configu-
rational sum factorizes, yielding

Z =

[∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµνe

−NβJ
2

Q2
µν

]
∑
{n⃗}

exp

[∑
µ,ν

βJQµν(
3

2
nµnν − 1

2
δµν)

]
︸ ︷︷ ︸

T



N

.

(2.22)
At this point, in order to facilitate the analytical calculations, an orientational re-

striction is imposed to the nematic molecules: the Zwanzig discretization ZWANZIG
(1963). While in the original Maier–Saupe model the molecular symmetry axes
are free to rotate continuously with respect to the laboratory reference frame, in
the present case, this restriction limits the orientation vector to the directions
n⃗ = (±1, 0, 0), (0,±1, 0), and (0, 0,±1). This approximation significantly simpli-
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fies the analytical treatment of the model while preserving its qualitative physical
behavior. The Zwanzig model preserves the first-order character of the NI transi-
tion but shifts the transition temperature by a numerical factor (DE OLIVEIRA and
NETO (1986)). Proceeding with this discretization, the single-particle contribution
T can be written as

T = 2 exp

(
−1

2
βJ
∑
µ

Qµµ

)∑
µ

exp

(
3βJ

2
Qµµ

)
, (2.23)

which leads to

Z =

[∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµνe

−NβJ
2

Q2
µν

]{
2e−

1
2
βJ

∑
µ Qµµ

∑
µ

e
3βJ
2

Qµµ

}N

=

[∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµν

]
exp

{
−NβJ

2

∑
µ,ν

Q2
µν +N ln

[
2e−

1
2
βJ

∑
µ Qµµ

∑
µ

e
3βJ
2

Qµµ

]}
.

(2.24)

Finally, the partition function can be cast in the compact form

Z =

[∏
µ,ν

√
NβJ

2π

∫ +∞

−∞
dQµν

]
e−NβJf(βJ ;Q), (2.25)

where

f(βJ ;Q) =
1

2

∑
µ,ν

Q2
µν +

1

2

∑
µ

Qµµ −
1

βJ
ln
∑
µ

e
3βJ
2

Qµµ − 1

βJ
ln 2 (2.26)

is the Helmholtz free energy functional from where all the physical information of
the system can be derived.

The auxiliary tensorial field Q gives the mean-field ordering of the system. In
the laboratory reference frame, the local order tensor S can be made diagonal, and
then the components Qµµ can be directly identified with the macroscopic order
parameters,

Qµµ =

〈
1

N

N∑
i=1

Sµµ
i

〉
, (2.27)

where ⟨· · ·⟩ denotes a thermal average.
The values of Qµµ physically realized are the ones that minimizes the free energy

functional f(βJ ;Q). The condition ∂f/∂Qµµ leads to the following equations of
state:

Qµµ = −1

2
+

3

2

e
3βJ
2

Qµµ∑
µ e

3βJ
2

Qµµ

. (2.28)
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Equation 2.28 implies the traceless condition
∑

µQµµ = 0. By choosing Qxx =

Qyy = −S/2 and Qzz = S, the phase behavior of the nematic state can be analyzed
in terms of a single scalar order parameter. Figure 2.2 shows the temperature
dependence of the order parameter S. The transition temperature is determined by
comparing the free-energy values of the ordered (nematic) and disordered (isotropic)
solutions.
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Figure 2.2: Nematic order parameter as a function of temperature.

The presence of a metastable region originates from the coexistence of competing
minima in the free-energy landscape. As illustrated in Figure 2.3, near the tran-
sition temperature the free energy exhibits two local minima. In the vicinity of
the transition, the nematic solution remains locally stable—signaled by a positive
second derivative of the free energy—while its free-energy value exceeds that of the
isotropic phase, indicating metastability.

2.3 Landau–de Gennes Theory of Phase Transition

Landau theory (LANDAU (1965)) may be viewed as a phenomenological expansion
of the thermodynamic potential in the vicinity of a critical point. Its fundamental
premise is that the nature of a phase transition can be understood primarily from
symmetry considerations, rather than from the detailed microscopic interactions
between molecules. Central to the theory is the concept of an order parameter—
which explicitly encodes the change in symmetry associated with the transition.
Implicit in this framework is the assumption that, near the transition temperature,
the equilibrium properties of the system can be derived from a single functional of the
order parameter, interpreted as a generalization of the free energy to nonequilibrium
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Figure 2.3: Energy as a function of the order parameter around the critical tem-
perature.

configurations (GRAMSBERGEN et al. (1986)). Originally formulated to describe
continuous (second-order) phase transitions, the theory was later extended by de
Gennes to account for the first-order isotropic–nematic transition. This extension
and its application constitute the focus of the present section.

Landau theory describes phase transitions through an expansion of the free en-
ergy in terms of an appropriate invariants of the order parameter Q. The general-
ization introduced in the Landau–de Gennes framework comes from the recognition
that the isotropic–nematic transition is weakly first order and that, in the vicinity
of the transition temperature, local orientational correlations persist even in the ab-
sence of macroscopic order. In other words, although the isotropic phase is globally
disordered, molecules remain locally aligned within finite regions. This local order
extends over a characteristic length scale known as the coherence length. Conse-
quently, the effects associated with the phase transition are governed by fluctuations
in the orientation of the optical axis (DE GENNES and PROST (1993)). Expanding
the free energy in terms of the rotational invariants of the order parameter therefore
provides a robust phenomenological description of the isotropic–nematic transition.

The simplest rotational invariants of a tensor are defined by

Im ≡ TrQm =
∑
µ

Qm
µµ, (2.29)

where Tr is the trace operator and m = 2, 3, 4, . . . . The free energy expansion close
to a phase transition is thus written as

f = f0 +
a

2
I2 +

b

3
I3 +

c

4
I4 +

d

5
I5 +

e

6
I6 + · · · (2.30)
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with f0 equal to the free energy for the state with Q = 0. Additionally, the coefficient
of I3 is not constrained to vanish by symmetry for nematics, because it is invariant
under Q → −Q.

Since the order parameter Q is a symmetric matrix, it can be shown that any
invariant Im with m ≥ 4 can be expressed as a function of the lower-order invariants
I1, I2, and I3 (GRAMSBERGEN et al. (1986)). Furthermore, imposing the traceless
condition TrQ = 0 implies that I1 = 0. As a consequence, the free energy in
equation 2.26 can be written solely in terms of the invariants I2 and I3, using the
relations

I4 =
1

2
I22 , I5 =

5

6
I2I3, and I6 =

1

4
I32 +

1

3
I23 . (2.31)

To proceed, consider the expansion

∑
µ

e
3βJ
2

Qµµ =
∞∑

m=0

1

m!

(
3βJ

2

)m∑
µ

Qm
µµ =

∞∑
m=0

1

m!

(
3βJ

2

)m

Im

= 3 +
1

2!

(
3βJ

2

)2

I2 +
1

3!

(
3βJ

2

)3

I3 +
1

4!

(
3βJ

2

)4

I4 +
1

5!

(
3βJ

2

)5

I5 + . . .

(2.32)

Retaining terms up to sixth order and using equation 2.31, one obtains

∑
µ

e
3βJ
2

Qµµ = 3+
1

2!

(
3βJ

2

)2

I2+
1

3!

(
3βJ

2

)3

I3+
1

4!

(
3βJ

2

)4
I22
2
+
1

5!

(
3βJ

2

)5
5

6
I2I3

+
1

6!

(
3βJ

2

)6(
1

4
I32 +

1

3
I23

)
(2.33)

The logarithm of this expression can be evaluated using the expansion

ln(3 + δ) = ln 3 +

(
δ

3

)
− 1

2

(
δ

3

)2

+
1

3

(
δ

3

)3

− 1

4

(
δ

3

)4

+
1

5

(
δ

3

)5

− 1

6

(
δ

3

)6

+ · · · ,
(2.34)

with δ = ln
∑

µ e
3βJ
2

Qµµ − 3.
After straightforward but lengthy algebra, the Landau expansion of the free

energy density takes the form

f = − ln 3

βJ
+

1

2

(
1− 3βJ

4

)
I2 −

3(βJ)2

16
I3 +

9(βJ)3

256
I22 +

27(βJ)4

512
I2I3

− 117(βJ)5

20480
I32 +

81(βJ)5

5120
I23 (2.35)

Restricting attention to the uniaxial case and using the parametrization defined
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in equation 1.6, the invariants reduce to

I2 =
3

2
S2, I3 =

3

4
S3, I22 =

9

4
S4, I2I3 =

9

8
S5, I32 =

27

8
S6, I23 =

9

16
S6.

(2.36)
Introducing the reduced temperature t = 1/(βJ), equation 2.35 simplifies to

f = −t ln 3 +
3

4

(
1− 3

4t

)
S2 − S3

4
+

3

16
S4. (2.37)

An analysis of equation 2.37 reveals the nature of the nematic–isotropic phase
transition. The absence of a linear term in S allows for the existence of an isotropic
phase with S = 0. In standard Landau theory, the coefficient of the quadratic term
is written as a(t−t∗) and determines the transition temperature. In the present case,
the transition occurs in the vicinity of t = 3/4, which is the spinodal temperature of
the isotropic phase. The presence of a negative cubic term in the expansion renders
the transition first order, while the positive quartic term ensures thermodynamic
stability.
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CHAPTER 3

DILUTED MAIER–SAUPE MODEL

“Quand tu penses, ne sens-tu pas que
tu déranges secrètement quelque chose?”

Paul Valéry

T he critical-like behavior of the nematic–isotropic (NI) phase transition remains
a long-standing puzzle in the theoretical study of liquid crystals. Although it is

well known that the NI transition is first order (DE GENNES and PROST (1993)),
its small latent heat leads to large fluctuations that resemble those observed near
the critical point of a continuous phase transition (SIMEAO and SIMOES (2013)).
These pre-transitional fluctuations mimic critical behaviors and may be preempted
by the first-order transition before a true critical regime is accessible (MUKHERJEE
(1998)). Several studies have also investigated the possible existence of tricritical
behavior in the vicinity of the NI transition (FRENKEL and EPPENGA (1982);
WANG and KEYES (1996)).

Experimentally, the observation of these fluctuations is a difficult task. The
first determination of the tricritical exponent for the NI transition was reported
by KEYES and SHANE (1979). Later, LENART et al. (2012) obtained a value of
β = 0.28±0.03 from nonlinear optical birefringence measurements in E7—this value
supports the suggestion of tricritical behavior of the NI phase transition. At about
the same time, SIMEAO and SIMOES (2013) proposed an alternative approach to
evaluate the critical exponent β across all temperatures of the phase.

In the present chapter, the Maier–Saupe lattice model with dilution is employed
to investigate the nature of the nematic–isotropic phase transition. This model is
considered in light of the fact that the introduction of dilution is known to signif-
icantly modify the phase diagrams of many statistical models of physical interest
(RODRIGUES et al. (2020)). A classic example is the emergence of a tricritical
point in the annealed, site-diluted Ising model (AHARONY (1978); MARRO et al.
(1986)). In statistical models, dilution elements represent the presence of inactive
or non-interacting sites within the system, effectively introducing disorder into the
underlying lattice. Physically, this can be interpreted as vacancies or impurities that
do not contribute to the ordering mechanism.
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In addition, experimental studies reporting tricritical behavior near the NI tran-
sition provide further motivation for investigating the diluted Maier-Saupe model.
Furthermore, within the Landau–de Gennes framework, the free energy function can
be expanded in the mean-field approximation, enabling the evaluation of the critical
exponents near the transition and comparison with previous results.

3.1 Free Energy

The diluted Maier–Saupe model is defined, within the mean-field approximation, by
the following Hamiltonian:

H = − J

2V

∑
i,j

titj
∑
µ,ν

Sµν
i Sµν

j , (3.1)

where Sµν
i = 3

2
nµ
i n

ν
i − 1

2
δµν is a component of the order tensor expanded over the

directions µ, ν = x, y, z, ti = 0, 1 is the so-called occupation variable—ti = 1 if the
site is occupied and 0 otherwise—and V is the number of cells, with

∑V
i=1 ti = N

being N the number of nematogens in the system. The switch from N to V in
equation 3.1 is physically motivated because in the grand-canonical ensemble the
constant N is not fixed. The connection between the two normalization constant
is J/V = (J/N) · (N/V ) = (J/N) · ⟨t⟩, where ⟨t⟩ = N/V is the mean occupation
fraction. The undiluted limit is recovered when ⟨t⟩ → 1.

Working within the grand-canonical ensemble, it is assumed that the mixture
of nematic and non-nematic sites is annealed. This means that the constituent
particles are sufficiently mobile to reach thermal equilibrium on the timescale of the
relevant experiments (AHARONY (1982)).

Under this assumption, the partition function must be written as

Ξ(β, µ̃) =
V∑

N=0

e−βµ̃NZ(β,N), (3.2)

where β = 1/kBT and µ̃ is the chemical potential which, for this analysis, it is
considered negative1.

To express Ξ(β, µ̃) explicitly, it is convenient to first define the canonical partition
function

Z = Tr′ exp(−βH) =
∑
{ti}

′∑
{n⃗i}

exp

(
βJ

2V

∑
i,j

titj
∑
µ,ν

Sµν
i Sµν

j

)
, (3.3)

1This choice restricts the physically accessible range of concentrations in the system. In the
present work, positive values of the chemical potential are not considered.
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where the prime symbol means a sum for a fixed N . Then

Ξ(β, µ̃) =
∑
{ti}

∑
{n⃗i}

e−βµ̃
∑

i ti
∏
µ,ν

exp

βJ
2V

(∑
i

tiS
µν
i

)2
 . (3.4)

Note that the trace in the partition function is taken simultaneously over occupation
variables ti and molecular orientation {n⃗i}.

The Hubbard–Stratonovich transformation is next introduced in order to decou-
ple the random variables. In the present case, it takes the form:

e
βJ
2V (

∑
i tiS

µν
i )

2

=

√
V βJ

2π

∫ +∞

−∞
dQµνe

−V βJ
2

Q2
µν+βJQµν

∑
i tiS

µν
i . (3.5)

In the present case, it is required that J > 0.
By applying this transformation, the partition function becomes

Ξ =
∑
{ti}

∑
{n⃗i}

e−βµ̃
∑

i ti
∏
µ,ν

√
V βJ

2π

∫ +∞

−∞
dQµνe

−V βJ
2

Q2
µν+βJQµν

∑
i tiS

µν
i

=

[∏
µ,ν

√
V βJ

2π

∫ +∞

−∞
dQµνe

−V βJ
2

Q2
µν

]
{Σ(t, n⃗)}V . (3.6)

The model is further simplified by imposing the Zwanzig restriction: the vector
n⃗ are restricted to the directions n⃗ = (±1, 0, 0), (0,±1, 0), (0, 0,±1)—which, ac-
cording to DO CARMO et al. (2010), does not qualitatively alter the behavior of
the system—the internal summation becomes:

Σ(t, n⃗) =
∑
{t,n⃗}

exp

[
−βµ̃t+ βJ

∑
µ,ν

Qµν t

(
3

2
nµnν − 1

2
δµν

)]
= 6

+ 2e−βµ̃ exp

(
−βJ

2

∑
µ

Qµµ

)∑
µ

exp

(
3

2
βJ Qµµ

)
,

which leads to

Ξ =

[∏
µ,ν

√
V βJ

2π

∫ +∞

−∞
dQµνe

−V βJ
2

Q2
µν

]

×
{
6 + 2e−βµ̃ exp

(
−βJ

2

∑
µ

Qµµ

)∑
µ

exp

(
3

2
βJQµµ

)}V

. (3.7)
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The grand canonical partition function can therefore be written as

Ξ(β, µ̃) =

[∏
µ,ν

√
V βJ

2π

∫ +∞

−∞
dQµν

]
e−βJV ϕ(β,µ̃), (3.8)

where

ϕ(β, µ̃) =
1

2

∑
µ,ν

Q2
µν −

1

βJ
ln

[
6 + 2e−βµ̃ exp

(
−βJ

2

∑
µ

Qµµ

)∑
µ

exp

(
3

2
βJ Qµµ

)]
(3.9)

is the functional for the grand thermodynamical potential per lattice site. For the
following derivations, the reduced temperature t = 1/βJ is defined, and µ̃/J → µ̃.

3.2 Numerical Treatment

The integral in equation 3.8 can be approximated using the Saddle-Point method.
In this approach, it is assumed that only the values of t and µ̃ at which ϕ(t, µ̃) is
a minimum contribute significantly to the integral. Starting from equation 3.9, the
equations of state are obtained by imposing the stationary conditions

∂ϕ(t, µ̃)

∂Qµν

= 0, (3.10)

for each pair of directions µ, ν, in the large-V limit.
It is easy to see that if µ ̸= ν, equation 3.10 yields

Qµν = 0.

On the other hand, if µ = ν, the same condition leads to

S +
1− e

9S
4t

2 + e
9S
4t + 3e

S+4µ̃
4t

= 0, (3.11)

where the parametrization Qzz ≡ S, Qyy ≡ (η − S)/2 and Qxx ≡ −(η + S)/2 has
been used, with η = 0. In the undiluted limit, it easy to see that equation 3.11
reduces to the standard Maier Saupe equation of state.

The stability of a given solution is determined from the Hessian matrix,

H =

H11 H12 H13

H12 H11 H13

H13 H13 H33

 . (3.12)

where the elements are obtained from second derivatives with respect to the variables
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Qµµ, and the uniaxial parametrization η = 0 was taken. Explicitly,

H11 = 1−
3
(
3 + 3e

9S
4t + 5e

3S+4µ̃
4t + e

3S+µ̃
t

)
4t
(
2 + e

9S
4t + 3e

3S+4µ̃
4t

)2 ,

H12 =
9− 3e

3S+4µ̃
4t

(
−4 + e

9S
4t

)
4t
(
2 + e

9S
4t + 3e

3S+4µ̃
4t

)2 ,
H13 =

9e
9S
4t + 3e

3S+4µ̃
4t + 6e

3S+µ̃
t

4t
(
2 + e

9S
4t + 3e

3S+4µ̃
4t

)2 ,
H33 = 1− 9e

9S
4t + 6e

3S+µ̃
t + 3e

3S+4µ̃
4t

2t
(
2 + e

9S
4t + 3e

3S+4µ̃
4t

)2 .

(3.13)

A solution characterized by specific values of t and µ̃ is stable when all eigenvalues
of H are positive. The spinodal limits are determined by analyzing the eigenvalues
of the Hessian matrix for S = 0 (isotropic case) and S ̸= 0 (nematic case).

Figure 3.1 shows the phase diagram in the t–µ̃ plane, obtained by numerically
solving equation 3.11. Two regions are identified: the uniaxial nematic phase (N)
and the isotropic phase (I). The dashed lines represent the spinodal limits, whereas
the solid black line marks the nematic–isotropic phase transition. Although this
transition is first order, for values of µ̃ close to zero it becomes weakly first order;
this is reflected in the subtle variation of S, visible in the color scale, approaching
the behavior of a second-order transition.
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Figure 3.1: Phase diagram for the diluted Maier-Saupe model in the t − µ̃ plane.
The color scale indicates the magnitude of the order parameter S at each point.
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3.3 A Landau–De Gennes Expansion Study

The basic assumption of the Landau–De Gennes (LG) theory is that for temper-
atures in the vicinity of the transition temperature the free-energy functional ϕ is
an analytic function of the order parameter Q (DE GENNES and PROST (1993);
GRAMSBERGEN et al. (1986)). In order to perform a Landau expansion for ϕ(β, µ̃)
with respect to Q, it is first necessary to construct all absolute rotational invariants,
that is, all invariant combinations of the elements Qµν . The most general invariant
formed from Q has the form

Im ≡ TrQm =
∑
µ

Qm
µµ, m = 1, 2, 3, . . . . (3.14)

An important property of any symmetric 3 × 3 matrix Q, is that TrQm can be
expressed as a polynomial in TrQ, TrQ2 and TrQ3. Hence, up to sixth order,

I4 =
1

2
I22 , I5 =

5

6
I2I3, and I6 =

1

4
I32 +

1

3
I23 . (3.15)

These expressions, together with the traceless condition of the order parameter, lead
to a Landau expansion in terms of only TrQ2 and TrQ3.

In order to establish a connection with the LG expansion, it is necessary to
expand the functional of the grand thermodynamic potential (equation 3.9) in terms
of the rotational invariants introduced above. At first, note that

∑
µ

e
3Qµµ

2t =
∑
µ

∞∑
m=0

1

m!

(
3Qµµ

2t

)m

=
∞∑

m=0

1

m!

(
3

2t

)m∑
µ

Qm
µµ =

∞∑
m=0

1

m!

(
3

2t

)m

Im

= 3 +
1

2!

(
3

2t

)2

I2 +
1

3!

(
3

2t

)3

I3 +
1

4!

(
3

2t

)4

I4 +
1

5!

(
3

2t

)5

I5 + · · · .

Expanding to the 6th term, and using 3.15, one obtains

∑
µ

e
3Qµµ

2t = 3 +
1

2!

(
3

2t

)2

I2 +
1

3!

(
3

2t

)3

I3 +
1

4!

(
3

2t

)4
I22
2

+
1

5!

(
3

2t

)5
5

6
I2I3

+
1

6!

(
3

2t

)6(
1

4
I32 +

1

3
I23

)
+ · · · .

Additionally,

exp

(
− 1

2t

∑
µ

Qµµ

)
= 1,
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because the traceless condition implies
∑

µQµµ = 0. Using the relations above,

ln

[
3+ e−

µ̃
t

∑
µ

e
3Qµµ

2t

]
= ln

[
3+ e−

µ̃
t

(
3+

1
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3

2t
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2

+
1
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5

6
I2I3 +

1

6!

(
3

2t

)6(
1

4
I32 +

1

3
I23

)
+ · · ·

)]
,

This expression can be rewritten as

ln
[
3 + 3e−

µ̃
t + e−

µ̃
t ξ
]
= ln

[
ξ + e−

µ̃
t Φ
]
, (3.16)

where ξ = 3 + 3e−
µ̃
t and

Φ =
1

2!

(
3

2t

)2

I2+
1

3!

(
3

2t

)3

I3+
1

4!

(
3
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2
+
1
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(
3
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)5
5

6
I2I3+

1

6!

(
3

2t

)6(
1

4
I32 +

1

3
I23

)
+· · · .

Expanding the logarithm yields

ln
[
ξ + e−

µ̃
t Φ
]
= ln ξ+

(
e−

µ̃
t Φ

ξ

)
− 1

2

(
e−

µ̃
t Φ

ξ

)2

+
1

3

(
e−

µ̃
t Φ

ξ

)3

− 1

4

(
e−

µ̃
t Φ

ξ

)4

+ · · · ,

and retaining only terms up to sixth order in Qµµ,

ln
[
ξ + e−

µ̃
t Φ
]
= ln ξ +

e−
µ̃
t

ξ
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1
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(
3

2t
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1

3
I23

)]

− e−
2µ̃
t

2ξ2

[
1
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(
3

2t

)4

I22 +
2

3! ·2!

(
3
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I2I3 +
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+
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1

(2! )3

(
3

2t

)6

I32

]
.

After straightforward algebraic simplification, the result is

ln
[
ξ + e−

µ̃
t Φ
]
= ln ξ +

32

23t2
e−

µ̃
t

ξ
I2 +

32

24t3
e−

µ̃
t

ξ
I3 +

e−
µ̃
t

ξ

(
33

28t4
− 34

27t4
e−

µ̃
t

ξ

)
I22

+
e−

µ̃
t

ξ

(
33

29t5
− 34

27t5
e−

µ̃
t

ξ

)
I2I3 +

e−
µ̃
t

ξ

(
34

5 · 212t6 − 35

211t6
e−

µ̃
t

ξ
+

35

29t6
e−

2µ̃
t

ξ2

)
I32

+
e−

µ̃
t

ξ

(
33

5 · 210t6 − 34

29t6
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t

ξ

)
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Finally, the free-energy functional expressed in terms of the invariants Im is

ϕ(t, µ̃, Im) = −t ln ξ−
(

32

23t

e−
µ̃
t

ξ
− 1

2

)
I2−

32

24t2
e−

µ̃
t

ξ
I3−

e−
µ̃
t

ξ

(
33

28t3
− 34

27t3
e−

µ̃
t

ξ

)
I22

− e−
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t

ξ

(
33

29t4
− 34

27t4
e−

µ̃
t

ξ

)
I2I3 −

e−
µ̃
t

ξ

(
34

5 · 212t5 − 35

211t5
e−

µ̃
t

ξ
+

35

29t5
e−

2µ̃
t

ξ2

)
I32

− e−
µ̃
t

ξ

(
33

5 · 210t5 − 34

29t5
e−

µ̃
t

ξ

)
I23 . (3.17)

The equation 3.17 can be expressed as

ϕ = ϕ0 +
a

2
I2 +

b

3
I3 +

c

4
I22 +

d

5
I2I3 +

e

6
I32 +

e′

6
I23 , (3.18)

where the coefficients are given by

a = −
(

32

22t

e−
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t

ξ
− 1

)
= −

(
3

4t
g − 1

)
,

b = − 33

24t2
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ξ
= − 9

16t2
g,

c = − e−
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t

ξ

(
33

26t3
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25t3
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ξ

)
= − 32g

25t3
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1

2
− g

)
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ξ
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33

29t4
− 34

27t4
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ξ
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= − 32g
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1
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35

5 211t5
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e−

µ̃
t

ξ
+

36

28t5
e−2 µ̃

t

ξ

)
= − 34g

5 28t5

(
1

23
− 5

22
g +

5

3
g2
)
, and

e′ = −e−
µ̃
t

ξ

(
33

5 · 210t5 − 34

29t5
e−

µ̃
t

ξ

)
= − 32g

5 29t5

(
1

2
− 5 g

)
, (3.19)

with,

g =
1

1 + e
µ̃
t

. (3.20)

In order to make connection with experiments, it is convenient to express the equa-
tion 3.18 in terms of the quantity S. The order parameter tensor is

Q =

−1
2
(S + η) 0 0

0 −1
2
(S − η) 0

0 0 S

 , (3.21)
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in the uniaxial case, it leads to the following invariants:

I2 =
3

2
S2, I3 =

3

4
S3, I22 =

9

4
S4, I2I3 =

9

8
S5, I32 =

27

8
S6, I23 =

9

16
S6.

(3.22)
Substituting these expressions into the free energy, yields

ϕ(t, g, S) = ϕ0 + AS2 +BS3 + CS4 +DS5 + ES6 + E ′S6, (3.23)

where

A =
3

4

(
1− 3g

4t

)
, B = − 9g

64t2
, C =

9g

27t3

(
g − 1

2

)
, D =

34g

210t4

(
g − 1

4

)
,

E =
36g

5 212t5

(
5

4
g − 5

3
g2 − 1

8

)
, and E ′ =

33g

5 212t5

(
5 g − 1

2

)
. (3.24)

From the general expansion in equation 3.23, conclusions regarding the phase tran-
sition can be drawn.

3.4 Landau–De Gennes Phase Diagram and Critical

Behavior

Restrictions on the coefficients of the expansion arise from symmetry considerations.
In equation 3.23, the equilibrium values of S are obtained by minimizing ϕ with
respect to S, i.e.,

∂ϕ

∂S
= 0 and

∂2ϕ

∂S2
= 0. (3.25)

The requirement that ϕ describe a phase transition between states with distinct
values of S, together with the existence of a spinodal—the point at which a phase
loses stability—in a first-order phase transition, implies that A must change sign as
a function of t and g. Consequently, the coefficient A is assumed to have the form
A = a(t−t∗), where a is a constant and t∗ is a temperature close to the NI transition.
The presence of a small cubic term in equation 3.23 results in a small entropy
jump, rendering the transition close to second order (MUKHERJEE (1998)). If
B = 0, the temperature t∗ would coincide with the mean-field second order transition
temperature. However, since B < 0 in the present model, t∗ corresponds to the
temperature marking the absolute stability limit of the isotropic phase, i.e., the
isotropic spinodal. The spinodal is therefore determined by the condition A(t, g) = 0,
which defines a line in the t− g phase diagram (Figure 3.2).
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3.4.1 Fourth Order Expansion

When C > 0—a condition satisfied for g > 1/2— the relation 3.23 can be written
as

ϕ(t, g, S) = ϕ0 + AS2 +BS3 + CS4. (3.26)

The stability conditions in equation 3.25 leads to the following system of equations:2A+ 3BS + 4CS2 = 0

2A+ 6BS + 12CS2 = 0
=⇒ S = −3B

8C
and A =

9B2

32C
. (3.27)

Also, from the requirement that the isotropic and nematic phases have equal free
energy along the transition line it follows that2A+ 3BS + 4CS2 = 0

A+BS + CS2 = 0
=⇒ S = − B

2C
and A =

B2

4C
. (3.28)

By substituting the coefficients given in equation 3.24, equations 3.28 and 3.27
yield, respectively, the nematic spinodal line and the nematic–isotropic phase transi-
tion line in the t−g plane, as shown in figure 3.2. Considering that the temperature
dependence appears only in the first term, as stated above, the spinodal tempera-
tures of the Nematic phase and the NI transition curve follows from equations 3.28
and 3.27 respectively as

t† = t∗ +
9B2

32aC
and tNI = t∗ +

B2

4aC
. (3.29)

The corresponding information is displayed in the phase diagram shown in Fig-
ure 3.2. The red and blue dashed lines indicate the spinodal boundaries of the
isotropic and nematic phases, respectively, while the solid black line represents the
nematic–isotropic phase transition. It is important to note that this analysis is valid
only for C > 0, i.e., g > 1/2. For g < 1/2 (gray region), additional terms are
required to stabilize the expansion in equation 3.23; this extension will be addressed
in the next subsection.

3.4.2 Effective Tricritical point

The existence of multicritical points is characterized when two coefficients of the
same symmetry in the Landau free energy vanish simultaneously (GRAMSBERGEN
et al. (1986)). Particularly, a tricritical point occurs when A and C are equal to
zero. In the phase diagram, this situation corresponds to the intersection of a line
of first-order phase transitions with a line of second-order phase transitions. In the
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Figure 3.2: Diluted Maier–Saupe model in the t–g plane. Effective tricritical be-
havior occurs at A = C = 0. The lines t∗, t†, and tNI correspond to the isotropic
spinodal, nematic spinodal, and phase transition line, respectively.

expansion, a tricritical effective condition is reached when A = C = 0, with D > 0.
Setting C = 02 in equation 3.23 gives the reduced expansion

ϕ(t, g, S) = AS2 +BS3 +DS5, (3.30)

where a stabilizing term D > 0 must be added— which is satisfied for g > 1/4.
Under these conditions, the spinodal temperatures of the Nematic phase and the NI
transition curve are

t† = t∗ − 4

3
√
3 a

(
−B3

D

)1/2

and tNI = t∗ − 14
√
5

27 a

(
−B3

D

)1/2

. (3.31)

At these temperatures, the corresponding order parameters are

S† =
1√
3

√
−B

D
and SNI =

√
5

3

√
−B

D
. (3.32)

The equilibrium condition for S is then given by

(S − S†)3 + 3S†(S − S†)2 − a

D
(t− t†) = 0. (3.33)

From equation 3.33, the temperature dependence of the scalar order parameter
can be expressed as

(S − S†) ∼ (t− t†)βc . (3.34)
2In the original variables (t, µ̃), the tricritical condition C = 0 renders µ̃ = 0.
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For the case where C = 0 and B ̸= 0, the critical exponent is βc = 1/2. If
B = 0, then S† = 0 and equation 3.33 yields βc = 1/3. Although the condition
for B = 0 represents a theoretical impossibility, experimentally if B is very small
around the transition point, quasi-tricritical behavior with βc ≈ 1/3 can be observed,
in consonance with experimental results obtained by LENART et al. (2012).

3.4.3 Higher-order multicritical points

To explore the phase behavior in the gray area in figure 3.2 it is necessary to consider
additional stabilizing terms in the expression. In the case where D = C = 0,
equation 3.23 becomes

ϕ(t, g, S) = AS2 +BS3 + (E + E ′)S6, (3.35)

where the stabilizing term (E + E ′) > 0 is included. By following the same proce-
dures, the nematic spinodal and the NI transition line is given respectively by

t† = t∗+
7

632/3
E + E ′

a

(
− B

(E + E ′)

)4/3

and tNI = t∗+
3

422/3
E + E ′

a

(
− B

(E + E ′)

)4/3

.

(3.36)
Several observations follow from this analysis. For g > 1/2, the lowest-order

terms in the Landau expansion dominate the behavior of the system, and the tem-
peratures defined in equation 3.29 fully characterize the phase transition and the
stability of the ordered phase. Upon entering the gray region, the phase exhibits
a richer behavior. For g > 1/4, the D-term in the expansion is positive and sta-
bilizes the solution; in this regime, the temperatures defined in 3.31 determine the
transition boundaries. Finally, for g > 0.11, the last two terms in the expansion
provide the dominant stabilizing contribution, and the system behavior is described
by equation 3.36.
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CHAPTER 4

FERROELECTRIC NEMATIC
LIQUID-CRYSTALLINE PHASES

“Tenho um pouco de medo: medo ainda de me entregar pois o próximo instante é o
desconhecido. O próximo instante é feito por mim? ou se faz sozinho?”

Clarice Lispector

In 1916, Max Born predicted the existence of a ferroelectric fluid in which all the
molecular dipoles point in the same direction. However, it took over a century

to find solid experimental evidence for such a state. Research in this field was revo-
lutionized in 2017 when two groups independently reported novel nematic phases in
strongly dipolar mesogens. Particularly, a new nematic phase was observed in the
compound RM734 (MERTELJ et al. (2018))—later demonstrated to be ferronematic
by CHEN et al. (2020)—, while a ferroelectric-like nematic phase was reported in
the compound DIO (NISHIKAWA et al. (2017)). In both systems, the constituent
molecules were rod-like and contained multiple intramolecular dipoles distributed
along their length, whose projections onto the molecular long axis combined to pro-
duce a large net axial dipole moment. The discovery of the ferroelectric nematic
phase (NF ) has expanded into what researchers calls the Ferroelectric Nematic
Realm, at which a collection of related phases including Chiral Ferroelectric Ne-
matic, Antiferroelectric Smectic Z, and Ferroelectric Smectic A are included (CHEN
(2024)).

Recent experimental observation of the NF phase have motivated the application
of Landau–de Gennes-type models to characterize the symmetry breaking associated
with the transition from non-polar to polar states. For example, MERTELJ et al.
(2018) argued that “a Landau–de Gennes type of phenomenological theory can be
used to describe the phase transition in the RM734 molecule”. In parallel, extensions
of the Maier–Saupe theory incorporating dipolar interaction terms in the mean-field
potential have also played an important role in advancing theoretical understanding
of these systems (ETXEBARRIA et al. (2022)).

The purpose of the present chapter is to provide a concise overview of the ex-
perimental perspectives reported in the literature on this rapidly developing field,
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as well as to investigate modifications of the Maier–Saupe model that account for
dipolar interactions at the molecular level that mimic the dipolar electric interaction
on ferroelectric nematic phases.

4.1 Ferroelectric Nematic Realm

In the conventional nematic phase, the principal molecular axis—which posses in-
version symmetry— are, on average, oriented about a common vector known as
the director, denoted by a unit vector Ñ. This symmetry demands an apolar in-
teraction between the nematic molecules. The order parameter is mathematically
described as a traceless second-rank tensor, known as the nematic order parameter,
with components defined as

Qµν = S
(3
2
nµnν − 1

2
δµν

)
, (4.1)

where nµ and nν denote the components of the local molecular orientation, and S is
the scalar order parameter that quantifies how well the molecules are oriented along
Ñ. The macroscopic behavior of this phase is strongly influenced by the anisotropic
shape of the constituent molecules.

In the ferronematic phase, by contrast, inversion symmetry of the order parame-
ter is broken. In this case, the dominant ordering mechanism arises from interactions
between molecular electric dipoles, and the resulting phase exhibits a spontaneous,
nonzero polarization density.

4.1.1 Experimental Phenomenology

The first solid experimental evidence for a ferronematic phase was reported by
MERTELJ et al. (2018), who showed that the low-temperature nematic phase of
the polar rod-like compound RM734—characterized by a large molecular dipole
moment—undergoes a weakly first-order transition to a new phase in which the
director develops a periodic splay modulation rather than remaining spatially ho-
mogeneous. In that work, a novel phase termed the splay nematic phase (NS) was
proposed and characterized by a distinctive modulated structure driven by molec-
ular shape. Polarization microscopy images comparing the nematic and NS phases
revealed the emergence of additional defect lines in the latter, indicating a lower
symmetry than that of the conventional nematic phase. Furthermore, dynamic light-
scattering measurements showed pronounced pre-transitional splay modulations of
the elastic constants, in contrast to ordinary nematic, for which elastic constants are
generally stable and follow universal power laws associated with the order parameter

38



SIMÕES et al. (2013).
Later, CHEN et al. (2020) showed that the low-temperature phase on the RM734

compound exhibits all the characteristics expected from a ferronematic phase. The
authors claimed that by observation of the electro-optic behavior of RM734 using
polarized light they obtained no evidence for a splay nematic phase but rather the
strong conclusion that upon cooling from higher-temperature the material undergoes
a transition from nematic to another uniaxial nematic phase that is ferroelectric. The
principal evidence supporting this conclusion is the observation, in a nematic liquid
crystal, of the defining features of ferroelectricity: (i) the spontaneous formation of
polar domains with opposite polarization in the absence of an applied electric field,
separated by well-defined domain boundaries, and (ii) electric-field-induced polar-
ization reversal mediated by the motion of these domain boundaries, as illustrated
in Figure 4.1.

Figure 4.1: Ferroelectric nematic phase. (A) Structure of RM734 compound and
schematic of molecular alignment in the ferroelectric nematic phase. (B-E) electro-
optic evidence for ferroelectricity in the NF phase. Adapted from CHEN (2024)
under CC BY-NC 4.0.

Independently, NISHIKAWA et al. (2017) reported a liquid-crystal compound,
DIO, composed of elongated molecules possessing a nonzero internal dipole moment,
which exhibits ferroelectric-like polar order in a phase that was previously expected
to be nematic. Within the temperature range where this phase is observed, the di-
electric permittivity becomes extraordinarily large—several hundred times greater
than that of conventional nematic phases. According to the authors, “the remark-
ably large dielectric permittivity cannot be explained by a simple nematic order in
which the statistical distribution of molecular head–tail directions along the director
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is even and there is no macroscopic dipole (. . . ). Thus, it is reasonable to conclude
that there should be a ferroelectric-like order of the phase.”. In addition, simultane-
ous observations using polarized optical microscopy revealed a sandy, multi-domain
texture that is absent in conventional nematics. This texture is consistent with
a reorientation of the director and the formation of large ensembles of polar do-
mains, a mechanism that naturally leads to a strong macroscopic ferroelectric-like
polarization.

In this context, the available experimental evidence for the ferronematic phase is
sufficiently compelling to motivate theoretical studies aimed at extending classical
models to account for this extraordinary new phase.

4.2 Ferroelectric Maier-Saupe Extension

Inspired by ETXEBARRIA et al. (2022), the proposed Maier–Saupe Hamiltonian
includes an additional term accounting for dipolar interactions and is written as

H = −A
∑
⟨i,j⟩

Si : Sj −B
∑
⟨i,j⟩

ni · nj, (4.2)

where A and B are the nematic and polar (dipolar) coupling constants, respectively,
and ⟨:⟩ is the Frobenius inner product.

4.2.1 Free Energy

Within the mean-field approximation, the Hamiltonian of equation 4.2 takes the
form

H = − A

2N

∑
i,j

∑
µ,ν

Sµν
i Sµν

j − B

2N

∑
i,j

∑
µ,ν

nµ
i n

ν
j δµν , (4.3)

where Sµν
i = 3

2
nµ
i n

ν
i − 1

2
δµν denotes a component of the tensor order parameter

defined over the Cartesian directions (µ, ν) = x, y, z. The Kronecker delta δµν is
included in the second term to ensure symmetry.

The canonical partition function is then given by

Z = Tr exp(−βH) = Tr exp

(
βA

2N

∑
i,j

∑
µ,ν

Sµν
i Sµν

j +
βB

2N

∑
i,j

∑
µ,ν

nµ
i n

ν
j δµν

)

= Tr
∏
µ,ν

exp

(
βA

2N

∑
i,j

Sµν
i Sµν

j +
βB

2N

∑
i,j

nµ
i n

ν
j δµν

)
. (4.4)
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Noting that

∑
i,j

Sµν
i Sµν

j =

(∑
i

Sµν
i

)2

and
∑
i,j

nµ
i n

ν
j δµν =

(∑
i

nµ
i δµν

)2

,

the partition function may be rewritten as

Z = Tr
∏
µ,ν

exp

βA
2N

(∑
i

Sµν
i

)2

+
βB

2N

(∑
i

nµ
i δµν

)2
 . (4.5)

At this stage, the Hubbard–Stratonovich transformation is introduced1. In the
present case, it reads:

e
βA
2N (

∑
i S

µν
i )

2

=

√
NβA

2π

∫ +∞

−∞
dQµνe

−NβA
2

Q2
µν+βAQµν

∑
i S

µν
i ; (4.6)

and

e
βB
2N (

∑
i n

µ
i δµν)

2

=

√
NβB

2π

∫ +∞

−∞
dMµνe

−NβB
2

M2
µν+βBMµν

∑
i n

µ
i δµν . (4.7)

It is important to note that Mµν is effectively diagonal—i.e., Mµν = Mµδµν—and
thus represents a polar vector.

The partition function thus becomes

Z = Tr
∏
µ,ν

Nβ

2π

√
AB

∫ +∞

−∞
dQµνdMµνe

−NβA
2

Q2
µν+βAQµν

∑
i S

µν
i e−

NβB
2

M2
µν+βBMµν

∑
i n

µ
i δµν

=

[∏
µ,ν

Nβ

2π

√
AB

∫ +∞

−∞
dQµνdMµνe

−NβA
2

Q2
µν−

NβB
2

M2
µν

]
TrKxy, (4.8)

where

TrKxy =
∑
{n⃗}

exp

[
βA
∑
i

∑
µ,ν

QµνS
µν
i + βB

∑
i

∑
µ,ν

Mµνn
µ
i δµν

]
.

Assuming the Zwanzig discretization, n⃗ = (±1, 0, 0); (0,±1, 0); (0, 0,±1), and
considering N independent molecules, one finds

TrKxy =

(
2e−

βA
2

∑
µ Qµµ

∑
µ

e
3
2t
βAQµµ cosh (βBMµµ)

)N

. (4.9)

1In this case, the HS transformation requires B > 0, given that B < 0 would correspond to an
antiferrroelectric interaction
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The full partition function can therefore be written as

Z =

[∏
µ,ν

Nβ

2π

√
AB

∫ +∞

−∞
dQµνdMµνe

−NβA
2

Q2
µν−

NβB
2

M2
µν

]

×
(
2e−

βA
2

∑
µ Qµµ

∑
µ

e
3
2
βAQµµ cosh (βBMµµ)

)N

, (4.10)

and is convenient to write

Z =

[∏
µ,ν

Nβ

2π

√
AB

∫ +∞

−∞
dQµνdMµν

]
e−NβF(Qµν ,Mµν), (4.11)

with N → ∞, and

F(Qµν ,Mµν) =
1

2

∑
µ,ν

Q2
µν+

B

2A

∑
µ,ν

M2
µν−

1

βA
ln

[
2e−

βA
2

∑
µ Qµµ

∑
µ

e
3
2
βAQµµ cosh (βBMµµ)

]
,

(4.12)
which is independent of N . Introducing the reduced parameters t = 1/(βA) and
b = B/A, the free-energy density functional becomes

F(Qµν ,Mµν) =
1

2

∑
µ,ν

Q2
µν +

b

2

∑
µ,ν

M2
µν − t ln

[
2e−

1
2t

∑
µ Qµµ

∑
µ

e
3
2t
Qµµ cosh (

b

t
Mµµ)

]
.

(4.13)

4.2.2 Phase Diagram

In order to make connections with experimental result, the following parametrization
is introduced: Qzz ≡ S; Qyy ≡ −S/2; Qxx ≡ −S/2; Mxx ≡ Myy ≡ 0; and finally,
Mzz ≡ m. With this choice, equation 4.13 can be rewritten as

F(t, b, S,m) =
3

4
S2 +

b

2
m2 − t ln

[
2e−

3
4t
S

(
2 + e

9
4t
S cosh

bm

t

)]
. (4.14)

The equilibrium values of the order parameters are obtained by minimizing F
with respect to S and m in the t–b plane. Such equilibrium values are solutions of
the following equations of state:

m =
1

3
(1 + 2S) tanh

bm

t
(4.15)

and
S = 1− 3

2 + e
9S
4t cosh bm

t

. (4.16)
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The physical meaning of the parameter b is worth emphasizing. As defined above,
b controls the relative strength of the polar and nematic couplings. For small values
of b, polar ordering is energetically weak, and the system reduces to the standard
Maier–Saupe model. As b increases, polar interactions become more significant,
leading to the stabilization of a ferronematic phase and the emergence of additional
transition lines.

The factor (1+2S)/3 in equation 4.15 can be interpreted as the effective fraction
of molecules aligned along the z-axis (the director). In the isotropic limit, S =

0, this factor reduces to 1/3, recovering the orientationally averaged result m =
1
3
tanh(bm/t). In contrast, for perfect nematic order (S = 1), the factor becomes

unity, yielding the standard Ising–Weiss equation.
The phase diagram shown in Figure 4.2 displays three distinct regions: the

isotropic phase (I), the nematic phase (N), characterized by S ̸= 0 and m = 0,
and the ferronematic phase (NF ), for which both S ̸= 0 and m ̸= 0. The boundary
between the N and NF phase exist only for a finite range of the parameter b. In this
region, the transition between the two phases is weak first-order—as demonstrated
bellow. Beyond the indicated triple point (TP ), at which tTP = 0.819 and bTP =

1.125, this transition disappears, and a strong first-order phase transition between
the ferronematic and isotropic phases suppresses the intermediate nematic structure.
Additionally, for low values of b, the nematic–isotropic transition is also of first order
as expected. The field Φ in figure 4.2 is defined as Φ = (S +m)/2.
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Figure 4.2: Phase diagram for the ferronematic Maier–Saupe model in the t–b
plane. The field Φ denotes the coupling between nematic and ferronematic ordering.
The red dashed line indicates the weak first-order transition separating the NF and
N phases, while the solid black line corresponds to the first-order transition between
ordered and disordered phases.
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The nature of the phase transitions observed in Figure 4.2 is determined by
analyzing the behavior of the order parameters obtained from the global minima
of equation 4.14, as well as the free energy behavior near the transition tempera-
ture. Strong first-order transitions is characterized by a discontinuity in the first
derivative of the Helmholtz free energy, accompanied by a jump in the order param-
eter. A second-order transition, on the other hand, is characterized by a continuous
vanishing of the order parameter, while the polar susceptibility χm—obtained by
evaluating the Schur complement of the coupled susceptibility tensor (HOWCZAK
and SPALEK (2010))—diverges.

In the case of a weak first-order transition, the spinodal curves lie very close to the
transition temperature. This proximity results in a narrow coexistence region and a
correspondingly large correlation length. As a consequence, close to the transition,
hysteresis effects become difficult to resolve numerically. Under such conditions,
numerical minimization procedures may follow a metastable branch, causing the
transition to appear continuous and thus mimicking second-order behavior due to
numerical instabilities. In this case, the polar susceptibility χm should exhibit a
large but finite peak at the transition temperature.

To determine the nature of the transition between the ferronematic (NF ) and
nematic (N) phases, both the Helmholtz free energy and the relevant order pa-
rameters must be examined. The difficulty in doing so arises from the challenge
of numerically distinguishing between weak first-order and genuinely second order
phase transitions. As shown in Fig. 4.3(a), the dipolar order parameter m exhibits
a small discontinuity at the transition, while the discontinuity in the nematic or-
der parameter is clear. There is also a small jump in the S order parameter in
the NF–N phase transition that can not be observed in the diagram. Furthermore,
Fig. 4.3(b) shows that the Helmholtz free energy branches cross at a temperature
indicated by the vertical dotted line. The simultaneous presence of a discontinuous
order parameter and a free-energy crossing provides strong evidence that the NF−N

transition is weakly first order. On the other hand, at the triple point, which occurs
at t ≈ 0.819 and b = 1.125 , the three free-energy curves intersect, as shown in
Fig. 4.4, indicating a change in the nature of the phase transition.

This distinction between phases is particularly important in regions where the
nematic-isotropic transition approaches the ferronematic-nematic transition. For
intermediate b, the system lies near a regime of phase boundary competition be-
tween the NF and N phases. As the weak first-order transition associated with m

approaches the first-order transition in S, the free energy has two close competing
minima, as illustrated in Fig. 4.5a. In this regime, fluctuations on both nematic
and dipolar order parameters become strongly coupled and the system undergoes
a change in the nature of the phase transition. As the dipolar order parameter m
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(a) Temperature dependence of the order
parameters. The NF and N regions indi-
cate the ferronematic and nematic phases,
while the I region corresponds to the high-
temperature isotropic phase.
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(b) Helmholtz free energy as a function of
t. The crossing of the free-energy branches
signals a first-order transition.

Figure 4.3: Order-parameter behavior and Helmholtz free energy across the fer-
ronematic–nematic transition for b = 0.608.

Figure 4.4: Helmholtz free energy as a function of temperature for b = 1.125.
The three curves are for the Nematic (FN), Ferronematic (FFN) and Isotropic (FI)
phase, respectively.

approaches zero, the coupling between dipolar and nematic degrees of freedom is
progressively weakened, leading to a modification of the effective coefficient of S in
equation 4.14 which is heavily dependent on m. As a result, the equilibrium value of
S shifts. It is possible to see the collapsing behavior of the free energy as m → 0 in
Figure 4.5b. This results in a sudden change in the free energy landscape, resulting
in a change in the location of the global minima.
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Figure 4.5: Free Energy behavior near the triple point (b = 1.1).

A complete Landau–de Gennes expansion of the free-energy functional F(S,m)

in the vicinity of the NF–N transition line is deferred to future work. Such an
analysis would, in principle, allow for a more detailed characterization of the critical
behavior and the possible emergence of multicritical points. However, the main
technical difficulty lies in the intrinsic coupling between the nematic (S) and polar
(m) order parameters, which significantly complicates the structure of the expansion
and the identification of the relevant invariants. A systematic treatment of this
coupled-order-parameter problem is therefore left for subsequent investigation.
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CHAPTER 5

CONCLUSIONS AND
PERSPECTIVES

T his thesis set out to investigate phase transitions and symmetry breaking in
different liquid crystal systems. Within the framework of a mean–field the-

ory, two extensions of the standard Maier–Saupe model were developed in order
to study structural changes in thermotropic liquid crystals phases. Connections
with experimental results were established introducing appropriate choices of the
order parameter and through systematic expansions on the free-energy functional
via Landau–de Gennes formalism.

After an introductory chapter in which the Maier–Saupe model was solved using
standard methods of statistical physics, dilution effects were introduced in Chap-
ter 3 in order to investigate the critical-like behavior of the nematic-isotropic (NI)
phase transition. Within the mean-field approximation, the free-energy functional
was formulated in terms of the nematic scalar order parameter S and the chemical
potential µ̃ associated with the occupation variable. This formulation allows for the
derivation of the equations of state, from which the phase behavior of the system
can be determined.

In the phase diagram defined on the t− µ̃ plane a strong first order phase transi-
tion is observed, with well-defined spinodal lines. As µ̃ gets close to zero, the spinodal
region moves closer to the critical temperature, signaling a change in the nature of
the phase transition toward a weak first-order regime. This behavior provides a
theoretical justification for the emergence of a pseudo-tricritical point reported in
experimental results. Moreover, a Landau–de Gennes expansion of the free energy
yields an effective tricritical exponent βc = 1/3, which is in qualitative agreement
with the quasi-tricritical exponent reported by LENART et al. (2012) for the E7

compound. By introducing a new variable g, related to the inverse exponential of
the chemical potential and temperature, a phase diagram on the t–g plane was con-
structed, offering a clear visualization of the phase behavior. In this representation,
the presence of a tricritical point in the vicinity of the NI phase transition becomes
evident.
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In consonance with the recent discovery of the ferronematic phase, a second
model was introduced to study liquid-crystal materials with nonzero molecular
dipole moment, preceded by a brief review of the experimental and theoretical liter-
ature. By incorporating an additional term accounting for dipolar interactions into
the Maier–Saupe framework, a rich phase diagram emerges, including the stabiliza-
tion of a ferronematic phase (NF ).

The existence and stability of this phase are controlled by the parameter b, which
rules the relative strength of the polar and nematic couplings. The nature of the
phase transitions in the t–b plane was characterized through a combined analysis on
the respective order parameter and the behavior of the Helmholtz free-energy func-
tional. In particular, the transition between the ferronematic and nematic phase
was found to be of weak-first order, a result that is qualitatively in line with avail-
able experimental observations. Despite the simplicity of this model extension, it
captures the essential features of the observed phase behavior. Future work focusing
on the Landau–de Gennes framework aims at determining critical exponents in the
vicinity of the triple point associated with the NF–N phase transition, with the goal
of establishing more quantitative connections with experimental data.

The two model extensions proposed on this thesis highlight the versatility of
mean-field approaches in capturing symmetry breaking and ordering in liquid-crystal
systems. By introducing additional degrees of freedom, the Maier–Saupe framework
shows itself capable of accommodating a variety of phase behaviors. Moreover, this
work illustrates how the Landau-de Gennes expansion can be used to understand
complex phenomena as the tricritical-like behavior of the N–I phase transition.
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